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ABSTRACT
Using the AdS/CFT correspondence, we investigate a nucleon mass splitting and pion-nucleon
coupling in the isospin medium. We find that there exists a nucleon mass splitting which is exactly
given by the half of the meson mass splitting because nucleon has the half isospin charge of the charged
mesons. In addition, we also investigate the pion-nucleon and four pion interactions which requires
the modification of the known Abelian-type unitary gauge fixing because the non-Abelian structure
of the isospin medium. After finding the non-Abelian unitary gauge fixing, we find that in the isospin
medium the couplings only for π0π0π+π− and π0π0π0π0 of four pion interactions shift, while there is
no pion-nucleon coupling splitting in spite of the nucleon’s and meson’s mass splittings.
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1 Introduction
Understanding strongly interacting systems is one of big issues in physics. However, there is no
traditional systematic tool to explain such phenomena. Recently, there was a new challenging idea to
understand strongly interacting systems like the low energy QCD and condensed matter system by
using the holographic method, the so called AdS/CFT correspondence [1, 2, 3, 4, 5]. In this paper,
we will apply the holographic method to the low energy QCD in the isospin medium and investigate
the nucleon mass spectra and their coupling with pion. In order to understand physics in a certain
medium, in general, it is important to know the interaction between the medium and fundamental
excitations. In the low energy QCD, the nuclear medium is strongly interacting system, so there is
no way to explain its physics with a traditional field theory technique. To understand such a system
by using the AdS/CFT correspondence, one first knows the corresponding dual gravity theory and its
geometric solution. There are several known geometric solutions. The thermal AdS geometry with
a hard or soft wall is dual to the confining phase of the pure gauge theory while the Schwarzschild
AdS black brane is mapped to the deconfining phase at finite temperature [6]-[14]. These works were
further generalized to the gauge theory with matter [15]-[28]. For example, the Reissner-Nordstro¨m
AdS black brane can describe a quark medium at finite temperature and its zero temperature version,
the so called thermal charged AdS geometry with a hard wall, is dual to the nuclear matter due to the
confining behavior. There is another interesting geometry representing the isospin medium, which has
only the isospin chemical potential but not the isospin number density [29]-[33]. Due to its simplicity
and analyticity, studying the isospin medium seems to be helpful in understanding the medium effect
of the holographic QCD and condensed matter system.
There were many interesting works related to the holographic nucleon masses and nucleon-meson
coupling in the AdS space dual to the pure Yang-Mills theory [34]-[41]. In this case, since there is
no isospin interaction, the isospin charges of the excitations are not important. In other words, it is
sufficient to turn only on the Abelian fluctuations without regarding the isospin structure. This is
not true anymore in the isospin medium. Since the isospin medium has a nontrivial isospin chemical
potential, charged excitations usually interacts with the isospin medium which can change some phys-
ical properties of the excitations. For example, in the holographic pure Yang-Mills theory dual to the
AdS space proton and neutron are indistinguishable because of the absence of the isospin interaction.
So their masses become degenerate. On the contrary, charged mesons and nucleons in the isospin
or nuclear medium usually interact with the background medium. Therefore, one should regard the
non-Abelian fluctuations to represent such isospin interactions. For the meson case, it was shown that
the isospin interaction causes the meson mass splitting [21]. One can also easily expect that similar
mass splitting occurs in nucleon due to the nonzero isospin charges of nucleons [42]. In this paper, we
will investigate holographically the isospin dependence of the four pion interaction, the nucleon masses
and pion-nucleon coupling in the isospin medium. In this procedure the important and crucial thing is
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to find an appropriate gauge fixing which can decouple pion from the axial vector fluctuations. In the
isospin medium, due to the non-Abelian nature of fluctuations, the unitary gauge fixing terms used
in the AdS case [8, 34] should be modified. After the careful calculation, we find that the generalized
non-Abelian unitary gauge fixing is allowed in the isospin medium which makes us be able to study
the pion-nucleon coupling even in the isospin medium. In the non-Abelian unitary gauge, we find that
there exists a nucleon mass splitting. The mass shift of nucleon is exactly given by the half of the
meson mass splitting because the isospin charge of nucleon is half of the charged meson. Although
the isospin interaction shifts meson’s and nucleon’s masses, it does not affect on their Fourier mode
solutions. Using this fact we show that the couplings only for π0π0π+π− and π0π0π0π0 are modified
in the isospin medium and that there is no pion-nucleon coupling splitting.
The rest of the paper is organized as follows: In Sec. 2, we summarize the dual geometry and
find the non-Abelian unitary gauge fixing terms in the isospin medium. In this non-Abelian unitary
gauge, the meson mass splitting are reinvestigated which gives rise to the consistent results obtained
in the axial gauge [21]. By using the non-Abelian unitary gauge, in Sec. 3 we take into account the
four pion interactions in the isospin medium. Furthermore, we investigate the nucleon mass splitting
in Sec. 4 and the pion-nucleon couplings in Sec. 5. We conclude our work with some remarks in Sec.
6.
2 Isospin medium in hard wall model
Isospin medium is composed of matter having only the isospin chemical potential without any baryonic
net charge. To describe the isospin medium holographically, we should take into account a gravity
theory including SU(2)L × SU(2)R flavor gauge group [19, 21]
S =
∫
d5x
√
G Tr
[
1
2κ2
(R− 2Λ)− 1
4g25
F 1MNF
1MN − 1
4g25
F 2MNF
2MN − |DΦ|2 + 3
R2
|Φ|2
]
, (1)
where Λ = −6/R2 is a cosmological constant. The gauge field strength are given by
F 1MN = ∂MLN − ∂NLM − i [LM , LN ] ,
F 2MN = ∂MRN − ∂NRM − i [RM , RN ] , (2)
and a covariant derivative acting on the complex scalar field is defined as
DMΦ = ∂MΦ− iLMΦ+ iΦRM . (3)
Since the isospin matter can be clarified by the Cartan subalgebra of the flavor group, it is sufficient
to turn only on L3t and R
3
t where 3 and t denote the gauge index and time component respectively.
Note that the isospin matter is not an ordinary nucleon matter, because it does not contain any
information for the baryon number. Since the isospin chemical potential is given by a constant on
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the AdS background, there is no gravitational backreaction caused by the isospin matter. So the dual
geometry still remains the thermal AdS space for the confining phase or the Schwarzschild AdS black
brane for the deconfining phase. To describe the confinement in the bottom-up approach, one should
introduce a hard or soft wall. In this paper, we will concentrate on the hard wall model [6, 21]. In
the confining phase, the dual geometry is with an appropriate IR cutoff zIR
ds2 =
R2
z2
(
ηµνdx
µdxν − dz2) , (4)
where ηµν = (+1,−1,−1,−1).
The modulus of the complex scalar field φ on the AdS background geometry satisfies the following
equation of motion
0 = − 1√
G
∂z
(√
GGzz∂zφ
)
+ 3φ, (5)
where we set R = 1. Its solution of φ is given by
φ = mq z + σ z
3. (6)
In the dual theory point of view, mq and σ correspond to the quark mass and the chiral condensate
respectively. In general, the energy-momentum tensor of the scalar field can modify the background
geometry. In this paper, however, we neglect the gravitational backreaction of the scalar field because
it corresponds to the 1/Nc correction where Nc is the rank of the gauge group [26, 27].
The isospin matter can be described by two diagonal subgroup elements of the flavor group and it
can be further decomposed into the symmetric or antisymmetric combinations
V 3t =
1
2
(
L3t +R
3
t
)
, A3t =
1
2
(
L3t −R3t
)
. (7)
Under the parity transformation, L ↔ R, the parity-even state usually has lower energy than the
parity-odd one. So we assume that all isospin matters are in the lowest parity-even state satisfying
L3t = R
3
t , which corresponds to the ground state of the isospin medium. In the nuclear medium [21],
the boundary value of V 3t corresponds to the difference of the isospin chemical potential.
In the isospin medium, µu and µd imply the isospin chemical potential of quark-like particles
without baryon charge. In order to distinguish such particles from ordinary quarks and nucleons, we
use a new terminology, iso-particle. Taking the analogy to the nuclear matter, the isospin matter
implies a medium composed of iso-nucleons which have three iso-quarks inside similar to ordinary
nucleons. Since the fundamental excitations are not quarks but nucleons in the confining phase, we
need to reinterpret V 3t in terms of iso-nucleon quantities. Although the isospin matter is not the
nuclear matter as mentioned previously, one can still use the same definition used in the nuclear
matter because the isospin matter can be regarded as the specific limit of the nuclear matter (see
the details in [21]). Then, V 3t can be rewritten in terms of the chemical potentials of iso-proton and
iso-neutron
V 3t =
√
2π2 (µP − µN ) , (8)
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where µP = 2µu + µd and µN = µu + 2µd.
To investigate the spectra and coupling of nucleons and meson, let us turn on the small fluctuations
LM ≡ LaMT a = (V aM + laM )T a,
RM ≡ RaMT a = (V aM + raM )T a,
Φ = φ eiP = φ eiP
aTa , (9)
where laM , r
a
M and P
a are fluctuations and T a = σa/2 are generators of the SU(2) flavor symmetry
group. In the axial gauge vz = az = 0, the meson mass splitting in the isospin and nuclear medium has
been investigated in [20, 21]. In [8], the meson masses by taking the unitary gauge instead of the axial
gauge were investigated which has been further generalized to the nucleon masses and their couplings
[34]. In this paper, we will investigate the nucleon masses and coupling in the isospin medium. To
do so, it is required to define meson spectra and pion in the isospin medium correctly in the unitary
gauge. Note that in the axial gauge vz = az = 0 [6, 21], P was identified with the pion field. On the
other hand, authors of [8, 34] have introduced gauge-fixing terms without taking az = 0 and chosen
the unitary gauge (ξv,a → ∞). In the latter case, the nonzero az was identified with pion. Here, we
will follow the same strategy used in the unitary gauge. In the isospin medium, due to the background
gauge field V 3t and non-Abelian fluctuations, the unitary gauge fixing term should be modified. To
find the correct gauge fixing term in the isospin medium, we first expand the action to quadratic order.
After some calculations together with the following redefinition
vM =
1√
2
(lM + rM ) and aM =
1√
2
(lM − rM ) , (10)
the action at quadratic order can be rewritten as
S = Sv + Sa, (11)
with
Sv = − 1
2g25
∫
d5x
√
G
[
GµνGρσF (v)iµρ F
(v)i
νσ + 2
(Dµviz)2 − 4GµνGzz (∂zviµ) (Dνviz)
+2
(
∂zv
i
µ
)2 ]
, (12)
Sa =
∫
d5x
√
G
[
− 1
2g25
{
GµνGρσF (a)iµρ F
(a)i
νσ + 2
(Dµaiz)2 − 4GµνGzz (∂zaiµ) (Dνaiz)+ 2 (∂zaiµ)2}
+
φ2
2
(
DµP i −
√
2aiµ
)2
+
φ2
2
(
∂zP
i −
√
2aiz
)2]
, (13)
where i = 1, 2, 3 are the flavor group indices. Since we consider the non-Abelian fluctuations, the
covariant derivative Dµ instead of a normal derivative generally acts on fluctuations, for example,
DM P i = ∂M P i + ǫi3j V 3M P j,
F
(v)i
MN = DM viN −DN viM ,
F
(a)i
MN = DM aiN −DN aiM , (14)
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where ǫijk is the structure constant of the SU(2) flavor group. Note that Dz = ∂z because of V iz = 0.
The fluctuation action includes several mixing terms which can be removed by choosing an appropriate
gauge fixing. In [8, 34], the Abelian-type gauge fixing terms in the gluon medium without matter have
been found. In the isospin medium, due to the isospin interaction, we should turned on the non-
Abelian fluctuations for which we need to generalize the Abelian gauge fixing to the non-Abelian one.
We find that the following non-Abelian gauge fixing terms can get rid of most of mixing terms
SGF =
∫
d5x
[
− 1
2g25zξv
{
Dµviµ − ξvz∂z
(
viz
z
)}2
− 1
2g25zξa
{
Dµaiµ − ξaz∂z
(
aiz
z
)
+ ξa
2
√
2g25φ
2
z2
P i
}2 . (15)
Note that this non-Abelian generalization is possible because of the constant gauge potential V 3t . In
the unitary gauge (ξv,a →∞), viz is decoupled from the theory. Furthermore, if the following relation
is satisfied
P i =
z3
2
√
2 g25φ
2
∂z
(
aiz
z
)
, (16)
the orthogonal combination of az and P remains massless similar to [8, 34].
Now, let us take into account the meson spectra in the non-Abelian unitary gauge in which the
action for the vector and axial-vector fluctuations simply reduce to
Sv = − 1
2g25
∫
d5x
√
G
(
GµνGρσF v(i)µρ F
v(i)
νσ + 2G
zzGµν∂zv
i
µ∂zv
i
ν
)
,
Sa = − 1
2g25
∫
d5x
√
G
(
GµνGρσF a(i)µρ F
a(i)
νσ + 2G
zzGµν∂za
i
µ∂za
i
ν − 4g25φ2Gµνaiµaiν
)
, (17)
The nonzero value of the background gauge field in the isospin medium breaks the boost symmetry
so that the time component fluctuations usually behaves differently from the spatial components.
Moreover, since the time component fluctuations are associated with the isospin charge rather than
the meson spectra, we turn off the time component fluctuations, vi0 = a
i
0 = 0, from now on and focus
only on the spatial components. In order to identify the bulk fluctuations with mesons of the dual
field theory, we introduce the ρ- and a1-meson notations
v1µ(z, ~x) =
1√
2
(
ρ+µ + ρ
−
µ
)
, v2µ(z, ~x) =
i√
2
(
ρ+µ − ρ−µ
)
, v3µ(z, ~x) = ρ
0
µ,
a1µ(z, ~x) =
1√
2
(
a+1µ + a
−
1µ
)
, a2µ(z, ~x) =
i√
2
(
a+1µ − a−1µ
)
, a3µ(z, ~x) = a
0
1µ, (18)
where the superscripts, ± and 0, imply the isospin charges of mesons. Using the Fourier mode
expansions in the rest frame
ρ0ν(z, ~x) =
∫
dω0
2π
eiω0t ρ0ν(z, ω0),
ρ±ν (z, ~x) =
∫
dω0
2π
eiω±t ρ±ν (z, ω±), (19)
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ρ-mesons satisfy
0 = ∂z
(√
GGzzGµν∂zρ
0
ν
)
− ω20
√
GG00Gµνρ0ν ,
0 = ∂z
(√
GGzzGµν∂zρ
±
ν
)
− (ω± ∓ V 3t )2√GG00Gµνρ±ν , (20)
where ρ0ν and ρ
±
ν are Fourier modes. To solve these second order differential equations, one should
impose two boundary conditions: one is the Dirichlet boundary condition at the asymptotic boundary,
ρ0ν
∣∣
z=0
= ρ±ν |z=0 = 0, and the other is the Neumann boundary condition at the IR cutoff, ∂zρ0ν
∣∣
z=zIR
=
∂zρ
±
ν |z=zIR = 0. Since ρ0ν and ρ±ν satisfy the same boundary conditions and V 3t is a constant, the
comparison of two differential equations shows that the charged ρ-meson masses are related to the
neutral one
ω± = ω0 ±
√
2π2 (µP − µN ) . (21)
This result is consistent with those in [21] where the axial gauge was used. Inserting the mass relation
into the above differential equations, one can easily see that ρ±ν should be the same as ρ
0
ν . Similarly,
the Fourier mode expansions of a1-meson
a01ν(z, ~x) =
∫
dω¯0
2π
eiω¯0t a01ν(z, ω¯0),
a±1ν(z, ~x) =
∫
dω¯0
2π
eiω¯±t a±1ν(z, ω¯±), (22)
lead to
0 = ∂z
(√
GGzzGµν∂za
0
1ν
)
− (G00ω¯20 − 2g25φ2)√GGµνa01ν ,
0 = ∂z
(√
GGzzGµν∂za
±
1ν
)
−
(
G00
(
ω¯± ∓ V 3t
)2 − 2g25φ2)√GGµνa±1ν . (23)
The same boundary conditions used in the ρ-meson give rise to the mass relation of a1-mesons
ω¯± = ω¯0 ±
√
2π2 (µP − µN ) . (24)
Like ρ-meson, the same boundary conditions yields a±1ν = a
0
1ν .
The action for the pseudoscalar field in the unitary gauge is given by
Ss =
∫
d5x
√
G
[
− 1
2g25
GzzDµaizDµaiz +
φ2
2
DµP iDµP i + φ
2
2
(
∂zP
i −
√
2aiz
)2]
. (25)
If the pion field is identified with a component of az
aiz(x, z) = f
i
0(z) π
i(x). (26)
the last terms in (25) can be removed by requiring an additional relation [34]
0 = ∂z
[
z3
φ2
∂z
(
f i0
z
)]
− 4g25f i0. (27)
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Since the mode functions of pion satisfy the same equation, the same boundary conditions lead to the
same solutions. If we set
f0 ≡ f10 = f20 = f30 , (28)
the following analytic solution in the chiral limit (mq = 0) is allowed with two integration constants,
N and c,
f0 = Nz
3
[
I2/3
(
2σg5z
3/3
) − c I−2/3 (2σg5z3/3)] , (29)
where I±2/3 are the modified Bessel functions. In [39], c has been fixed by imposing the Dirichlet
boundary condition, f0(zIR) = 0,
c =
I2/3
(
2σg5z
3
IR/3
)
I−2/3
(
2σg5z3IR/3
) , (30)
and the overall normalization constant N was fixed by the normalization condition [34, 38]
1 =
∫ zIR
0
dz
[
1
2g25z
f20 +
z3
16φ2g45
{
∂z
(
f0
z
)}2]
. (31)
Using 1/κ2 = N2c /(4π
2R3) and 1/g25 = N
2
c /(4π
2R) together with Nc = 3, the numerical value of the
normalization constant reads N = 0.3781.
3 Couplings of the pion interactions
In the previous section, we have taken into account the effect of the isospin chemical potential in
the isospin medium which shifts masses of the charged mesons. We also expect the similar result
for nucleons, as will be shown, because they have non-vanishing isospin charges. Before preforming
the study on the nucleon mass splitting, in this section we study the isospin medium effect on the
couplings of the meson interactions.
From the original action (1), the terms governing the pion interactions comes from the kinetic
term of the complex scalar field. The other terms describe the interactions of ρ- and a1-mesons which
are not affected from the isospin medium. In the isospin medium and at the rest frame, the kinetic
term for the complex scalar can be further decomposed into
−
∫
d5x
√
G |DΦ|2 = −
∫
d5x
√
G φ2 Tr
{
G00
(
∂0e
−iP − i [V0, e−iP ]) (∂0eiP − i [V0, eiP ])
+Gmn
(
ie−iP lm − irme−iP
) (−ilmeiP + ieiP rm)
+Gzz
(
∂ze
−iP + ie−iP lz − irze−iP
) (
∂ze
iP − ilzeiP + ieiP rz
)}
, (32)
where V0, P , lM and rM mean V
a
0 T
a, P aT a, laMT
a and raMT
a respectively. Here, the first and third
terms represent the pion interactions and the second describes pions interacting with ρ- and a1-mesons.
From now on we concentrate only on the first term because only it includes the isospin medium
effect. Expanding the exponential functions, the quadratic order terms shift the pion mass. At cubic
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order, the sum of the three pion interactions become zero automatically. At quartic order, after
performing the trace, the kinetic term for the complex scalar leads to
δK = − 1
24
∫
d5x
√
G φ2G00
[
(P a∂0P
a)2 − P aP a ∂0P b∂0P b − (V 30 )2 (P aP a)2
+2V 30 ǫ
3bc
{
P aP a(∂0P
b)P c + P a(∂0P
a)P bP c
}]
. (33)
Introducing
P 1 =
1√
2
(
P+ + P−
)
, P 2 =
i√
2
(
P+ − P−) and P 3 = √2P 0, (34)
and their Fourier mode expansions
P 0(z, ~x) =
∫
dω¯0
2π
eiω¯0t P 0(z, ω¯0),
P±(z, ~x) =
∫
dω¯0
2π
eiω¯±t P±(z, ω¯±), (35)
the above quartic order interactions finally reduce to the four pion interactions in the dual field theory
δK =
(V 30 )
2
6
∫
d5x
√
G φ2 G00
[
P 0P 0P−P+ + P 0P 0P 0P 0
]
=
∫
d4x
(
δg00+− π0π0π+π− + δg0000 π0π0π0π0
)
(36)
where (16) and (26) are used in the last relation. If V 30 = 0, these interaction terms disappear. In the
isospin medium (V 30 6= 0), they give rise to nontrivial effect on the four pion interactions. In addition,
due to the relation in (28) the couplings for the four pion interactions read
δg00+− = δg0000 =
(V 30 )
2
6
∫
dz
√
G φ2 G00
(
z3
2
√
2 g25φ
2
∂z
(
f0
z
))4
. (37)
Note that the third term in (32) is independent of the isospin medium and can generate all possible
pion interactions, including the four pion interactions, which should satisfy the isospin conservation.
Let us denote such four pion interactions as gABCD π
AπBπCπD where {A,B,C,D} = {+, 0,−}. In
the isospin medium, then, the couplings of four pions, π0π0π+π− and π0π0π0π0, are shifted into
g00+− + δg00+− and g0000 + δg0000 respectively, whereas couplings of the other four pion interactions
are not modified.
4 Nucleons in the isospin medium
As shown in the previous section, the background isospin matter shifts the masses of the charged
mesons. So one can easily expect that there is also similar mass shift in the nucleon mass because
nucleons have also nonzero isospin charges. In this section, we will investigate the nucleon mass
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splitting in the isospin medium. To do so, we take into account the fermionic fluctuations on the
5-dimensional thermal AdS background
S =
∫
d5x
√
G
[
iΨ
1
ΓM∇MΨ1 + iΨ2ΓM∇MΨ2 −m1Ψ1Ψ1 −m2Ψ2Ψ2
− gY
(
Ψ
1
ΦΨ2 +Ψ
2
Φ+Ψ1
)]
, (38)
where ∇M denotes a covariant derivative including the spin and gauge connections
∇MΨ(1,2) =
(
∂M − i
4
ωABM ΓAB − iVM
)
Ψ(1,2), (39)
where ΓAB = 12i
[
ΓA,ΓB
]
and V 3t = L
3
t = R
3
t has been used. Here, (1, 2) implies either 1 or 2 and
gY is the Yukawa coupling. In the above action, Ψ
1 and Ψ2 transform as
(
1
2 , 0
)
and
(
0, 12
)
under the
flavor group SU(2)L × SU(2)R. Due to the Yukawa term, Ψ1 and Ψ2 are coupled to each other and
then the chiral symmetry is broken down. This chirality can be also related to the chirality of the
boundary fermion, proton and neutron. To do that, one should take m1 = 5/2 and at the same time
m2 = −5/2. Then, following the AdS/CFT relation
m2(1,2) = (∆− 2)2 , (40)
all dual fermionic operators of Ψ1 and Ψ2 have the conformal dimension of nucleon, ∆ = 9/2.
If ignoring the Yukawa term, the variation of action leads to the Dirac equation[
iΓM∇M −m(1,2)
]
Ψ(1,2) = 0 (41)
and the following boundary term
δΨ
(1,2)
ΓMΨ(1,2)
∣∣∣zIR
ǫ
= 0, (42)
where zIR and ǫ are the IR and UV cutoff respectively. These are equations on the curved manifold,
so it is more convenient to introduce quantities defined on the tangent manifold in order to solve the
Dirac equation. The vielbein eAM of the thermal AdS space is chosen as e
A
M =
1
z δ
A
M , where A,B and
M,N are indices of the tangent and curved manifold respectively. The non-zero components of spin
connection ωABM are given by ω
5A
M =
1
z δ
A
M . In addition, we choose the following gamma matrix on the
tangent space
Γt =
(
0 −1
−1 0
)
, Γi =
(
0 σi
−σi 0
)
, Γz =
( −i 0
0 i
)
, (43)
where σi is the Pauli matrix. If we further define the 4-dimensional gamma matrix γµ = Γµ (µ =
0, 1, 2, 3), then the 4-dimensional chiral operator is given by γ5 = iΓz. Using the vielbein, the above
Dirac equation simply reduces to
0 =
[
ieMA Γ
A
(
∂M − i
4
ωABM ΓAB − iVM
)
−m1
]
Ψ1 − gY φΨ2,
0 =
[
ieMA Γ
A
(
∂M − i
4
ωABM ΓAB − iVM
)
−m2
]
Ψ2 − gY φΨ1, (44)
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where φ is the modulus of Φ in (6).
Introducing the Fourier mode of fermion
f (1,2)(p, z) ψ(1,2)(p) =
∫
d4x Ψ(1,2)(x, z) eipx, (45)
and the Weyl spinor representation with ψ
(1,2)
L = γ
5ψ
(1,2)
L and ψ
(1,2)
R = −γ5ψ(1,2)R
ψ(1,2) =
(
ψ
(1,2)
L
ψ
(1,2)
R
)
, (46)
the 4-dimensional Weyl spinors satisfy
6p ψ(1,2)L,R (p) = |p|ψ(1,2)R,L (p), (47)
where the subscripts, L or R, denote the 4-dimensional chirality. If one takes the normalizable modes
as f1L and f
2
R for Ψ
1
L and Ψ
2
R respectively, the chirality of the SU(2)L × SU(2)R flavor group can be
associated with the 4-dimensional chirality. In terms of the Weyl fermions, the equations in (44) are
reduced to (
∂z − ∆z − gY φz
− gY φz ∂z − 4−∆z
)(
f1L
f2L
)
= − (|p| − Vt)
(
f1R
f2R
)
, (48)
(
∂z − ∆z gY φz
gY φ
z ∂z − 4−∆z
)(
f2R
f1R
)
= (|p| − Vt)
(
f2L
f1L
)
. (49)
These matrix equations can be further reduces to the symmetric and anti-symmetric combinations
which describe the parity-even and parity-odd excitations under 1 ↔ 2 and simultaneously L ↔ R
transformation. As a result, the lowest nucleon spectra corresponding to proton and neutron, which
are parity-even states, are described by the lowest excitation of the symmetric combination f1L + f
2
R
together with f1R − f2L. On the other hand, the parity-odd states are represented as f1L − f2R and
f1R+ f
2
L. In order to investigate the parity-even mass spectra, one can impose f
1
L = f
2
R and f
1
R = −f2L,
then the above two matrix equations, (48) and (49), reduce to the same matrix equation
(
∂z − ∆z gY φz
gY φ
z ∂z − 4−∆z
)(
f1L
f1R
)
=
( − (|p| − Vt) 0
0 |p| − Vt
)(
f1R
f1L
)
. (50)
Similarly, imposing f1L = −f2R and f1R = f2L gives rise to the matrix equation for the parity-odd states(
∂z − ∆z − gY φz
− gY φz ∂z − 4−∆z
)(
f1L
f1R
)
=
( − (|p| − Vt) 0
0 |p| − Vt
)(
f1R
f1L
)
. (51)
In this case, the parity-even and parity-odd states are distinguished due to the Yukawa coupling caused
by the modulus of the complex scalar field. Furthermore, since the nucleon has an isospin charge, it
can interact with the background isospin matter. If the n-th excitation mode of f1L,R is denoted by
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f
1(n,±,±)
L,R where the first and second sign imply the parity and isospin quantum number respectively,
the parity-even state satisfying (50) can be further decomposed, depending on the isospin charge, into
(
∂z − ∆z gY φz
gY φ
z ∂z − 4−∆z
)(
f
1(n,+,+)
L
f
1(n,+,+)
R
)
=
(
−
(
|p| − V 3t2
)
0
0 |p| − V 3t2
)(
f
1(n,+,+)
R
f
1(n,+,+)
L
)
,
(
∂z − ∆z gY φz
gY φ
z ∂z − 4−∆z
)(
f
1(n,+,−)
L
f
1(n,+,−)
R
)
=
(
−
(
|p|+ V 3t2
)
0
0 |p|+ V 3t2
)(
f
1(n,+,−)
R
f
1(n,+,−)
L
)
. (52)
On the other hand, the parity-odd states are governed by
(
∂z − ∆z − gY φz
− gY φz ∂z − 4−∆z
)(
f
1(n,−,+)
L
f
1(n,−,+)
R
)
=
(
−
(
|p| − V 3t2
)
0
0 |p| − V 3t2
)(
f
1(n,−,+)
R
f
1(n,−,+)
L
)
,
(
∂z − ∆z − gY φz
− gY φz ∂z − 4−∆z
)(
f
1(n,−,−)
L
f
1(n,−,−)
R
)
=
(
−
(
|p|+ V 3t2
)
0
0 |p|+ V 3t2
)(
f
1(n,−,−)
R
f
1(n,−,−)
L
)
. (53)
The lowest excitation modes, proton and neutron, can be represented by f
(1,+,+)
L,R and f
(1,+,−)
L,R . Since
the lowest excitations have only the parity-even states, there is no f
(1,−,±)
L,R . For the higher resonances,
they can have even and odd parity states.
From the above matrix equations, one can easily derive two second order differential equations for
f
1(n,±,±)
L
0 =
[
∂2z −
4(1 −Ω±)
z
∂z +
{
(5−∆− Ω±)∆
z2
− g
2
Y φ
2
z2
+
(
|p| ∓ V
3
t
2
)2}]
f
1(n,+,±)
L , (54)
0 =
[
∂2z −
4(1 − Ω¯±)
z
∂z +
{
(5−∆− Ω¯±)∆
z2
− g
2
Y φ
2
z2
+
(
|p| ∓ V
3
t
2
)2}]
f
1(n,−,±)
L , (55)
where Ω± and Ω¯± are given by
Ω± =
4gY σz
3
2|p|z ∓ V 3t z + 2gY φ
and Ω¯± =
4gY σz
3
2|p|z ∓ V 3t z − 2gY φ
. (56)
The mass of nucleon is given by p satisfying the following two boundary conditions
f
1(n,±,±)
L (0) = 0 and f
1(n,±,±)
R (zIR) = 0, (57)
which satisfy the boundary condition in (42). In [34], the best parameters fitting the lowest nucleon
masses were given by zIR = 1/(0.205 GeV) and gY = 14.4 and several nucleon masses have been
investigated for V 3t = 0. In the meson spectra of the hard wall model, the higher excitation modes
usually have quite different masses from the phenomenological data. In the nucleon mass the same
thing happens [34].
Now, let us take into account the mass splitting of nucleons in the isospin medium. Assuming
that the nucleon mass is given by p0 for V
3
t = 0 in which proton, f
1(n,+,+)
L , and neutron, f
1(n,+,−)
L ,
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are indistinguishable. In the isospin medium with a nonzero V 3t , the proton and neutron masses are
shifted due to the isospin interaction. Since the isospin medium has a constant V 3t , the boundary
conditions in (57) lead to p0 = pP − V 3t /2 for proton and p0 = pN + V 3t /2 for neutron. As a result,
the proton and neutron masses in the isospin medium are given by
pP = p0 +
π2√
2
(µP − µN ) ,
pN = p0 − π
2
√
2
(µP − µN ) , (58)
where p0 generally depends on zIR, gY , mq and σ. This result shows that the proton (or neuton) mass
increases (or decreases) when the isospin chemical potential difference, µP − µN , grows. As a result,
the isospin interaction between nucleon and the isospin matter shifts the nucleon mass so that like the
charged meson case there exists a nucleon mass splitting proportional to the total isospin chemical
potential of the isospin matter. Since nucleon has the half isospin charge of the charged meson the
nucleon mass shift, when µP − µN is given, is exactly half of the meson mass shift. Related solutions
of (52) and (53), there is a remarkable point. After inserting the mass relations in (58) back into the
equations of motion, (52) and (53), one can easily find
f
1(m,±,+)
L = f
1(m,±,−)
L and f
1(m,±,+)
R = f
1(m,±,−)
R , (59)
which implies that in spite of the nucleon mass shiftings the Fourier mode functions of nucleons are
not changed. Another interesting limit is the chiral phase transition point where the chiral condensate
disappears and φ simply reduces to φ = mqz. If the nucleon mass is given by m0 for mq = V
3
t = 0,
the proton mass from (54) yields
pP =
√
m20 + g
2
Ym
2
q +
π2√
2
(µP − µN ) , (60)
whereas the neutron mass from (55) is given by
pN =
√
m20 + g
2
Ym
2
q −
π2√
2
(µP − µN ) . (61)
These results, as expected, show that proton becomes more massive in the isospin medium with
µP ≫ µN so that in this case it is easier to create neutron than proton.
5 Pion-nucleons coupling
From the fermion action (38), the interaction term between nucleons and pion at cubic order is
described by
Sint = i
∫
d4x
∫ zIR
0
dz
z4
[(
ψ1R
+
lzψ
1
L − ψ1L+lzψ1R + ψ2R+rzψ2L − ψ2L+rzψ2R
)
+gY φ
(
ψ1R
+
Pψ2L + ψ
1
L
+
Pψ2R − ψ2R+Pψ1L − ψ2L+Pψ1R
)]
, (62)
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where lz and rz are left and right gauge fluctuations of SU(2)L × SU(2)R in the z-direction. Using
(10), vz is decoupled in the unitary gauge as mentioned before. Introducing further the following
notations (
ψ1L
ψ2L
)
=
(
f
1(n,±,±)
L ψ
(n,±,±)
L
f
2(n,±,±)
L ψ
(n,±,±)
L
)
and
(
ψ1R
ψ2R
)
=
(
f
1(n,±,±)
R ψ
(n,±,±)
R
f
2(n,±,±)
R ψ
(n,±,±)
R
)
, (63)
the parity-even and parity-odd modes satisfy
f
1(n,+,±)
L = f
2(n,+,±)
R , f
1(n,+,±)
R = −f2(n,+,±)L ,
f
1(n,−,±)
L = −f2(n,−,±)R , f1(n,−,±)R = f2(n,−,±)L . (64)
Since the lowest nucleon resonances, proton and neutron denoted by Ψ(1,+,+) and Ψ(1,+,−) respectively,
have the positive parity, the interaction between these lowest nucleons and pion leads to
Sint = i
√
2
∫
d4x g(1,+,±;n,+,±) Ψ¯
(1,+,±)γ5πΨ(1,+,±). (65)
In this case, the nucleons-pion coupling g(1,±,±;1,±,±) is given by
g(1,+,±;1,+,±) =
∫ zIR
0
dz
z4
[
−f0
2
(
f
1(1,+,±)
L
∗
f
1(1,+,±)
R + f
1(1,+,±)
R
∗
f
1(1,+,±)
L
)
+
gY z
3
4g25φ
∂z
(
f0
z
)(
f
1(1,+,±)
L
∗
f
1(1,+,±)
L + f
1(1,+,±)
R
∗
f
1(1,+,±)
R
)]
, (66)
where f0 means the Fourier mode function of pions in (29). and Ψ
(1,+,±) implies the 4-dimensional
Dirac fermion
Ψ(1,+,±) =
(
ψ
(1,+,±)
L
ψ
(1,+,±)
R
)
. (67)
Note that the interaction terms can be further decomposed according to the isospin charges of nucleons.
If the pion, π = πata, is decomposed following its isospin charge into
π1 =
1√
2
(
π+ + π−
)
, π2 =
i√
2
(
π+ − π−) and π3 = √2π0, (68)
the allowed interaction terms in the isospin medium become
Sint = igπNN
∫
d4x
(
P¯ γ5π0P − N¯γ5π0N + P¯ γ5π+N + N¯γ5π−P ) , (69)
where proton and neutron are denoted by P = Ψ(1,+,+) and N = Ψ(1,+,−) and the pion-nucleon
coupling gπNN satisfies
gπNN ≡ g(1,+,+;1,+,+) = g(1,+,−;1,+,−) = g(1,+,+;1,+,−) = g(1,+,−;1,+,+) . (70)
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This result implies that the same mode function of nucleons in the isospin medium makes the pion-
nucleon coupling independent of the isospin charges and the total isospin chemical potential, as men-
tioned before. As a result, we find that there is no pion-nucleon coupling splitting in the isospin
medium while the nucleon and meson masses are splitted due to the isospin interaction.
In [21] the following parameters, zIR = 1/(0.3227 GeV), mq = 0 and σ = (0.304 GeV)
3, have
been used to obtain good lowest meson spectra. Using these, the mass of proton and neutron, p0 =
0.9399 GeV, for µP − µN = 0 can be obtained by taking gY = 4.762. Furthermore, the following
normalization condition
1 =
∫ zIR
0
dz
z4
(∣∣∣f1(m,±,±)L ∣∣∣2 + ∣∣∣f1(m,±,±)R ∣∣∣2
)
, (71)
gives rise to gπNN = 11.1675, which is almost consistent with the experimental data gπNN = 13.1 [39]
like the meson case. The analysis used in this paper can be easily generalized to the higher resonance
cases.
6 Discussion
In this paper, we have investigated the nucleon spectra and pion-nucleon coupling in the isospin
medium which can provide a good playground to study and understand the medium effect due to its
simplicity and analyticity. Here we considered a hard wall model with a negative cosmological constant
and constant gauge potentials corresponding to the isospin chemical potentials. In general, since the
equations of motion do not depend on the gauge potential but on the gauge field strength, the bulk
constant gauge potential does not modify the background geometry. However, since bulk fermions
are coupled to the gauge potential, some physical quantities associated with fermion can be affected
by the constant gauge potentials. This is the story of the gravity theory. Following the AdS/CFT
correspondence, the 5-dimensional gravity theory can be reinterpreted as physics of the 4-dimensional
dual gauge theory.
In the dual field theory, the constant gauge potentials are mapped to the isospin chemical poten-
tials and the bulk massive fermions which have a mass, either 5/2 or −5/2, are dual to nucleons with
a conformal dimension 9/2. If there is no nontrivial gauge potential, proton and neutron are indistin-
guishable, so they have the same physical properties like mass spectrum and pion-nucleon coupling.
In the isospin medium proton and neutron interact with the isospin matter in a different way due to
their different isospin charges so that the nucleon mass splitting occurs. More precisely, the nucleon
mass splitting is exactly half of the meson mass splitting because the nucleon isospin charge is half
of charged mesons. As expected, the masses of mesons and nucleons increase or decrease linearly as
µP − µN increases.
We also studied the couplings of pion interactions in the isospin medium. The isospin medium does
not affect on the couplings of the three pion interactions. However, we found that the nontrivial isospin
chemical potential of the isospin medium modifies the coupling only for π0π0π+π− and π0π0π0π0 of
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the four pion interactions. For the pion-nucleon couplings, in spite of the mass shifts of nucleons and
mesons, there is no effect from the isospin medium because the mode functions are independent of the
background isospin chemical potential.
It would be interesting to apply holographic techniques studied in this paper to the nuclear medium
for understanding the more real physical systems like the nuclear matter and neutron star. Although
the hard wall model leads to almost consistent lowest mass spectra with the phenomenological data,
the high resonance spectra are quite different from the real data. So, it would be interesting to improve
further the hard wall model in order to explain the mass spectra of high excitations well.
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